is employed to obtain a hybrid numericalanalytical solution of natural convection in a cavity with volumetric heat generation. The hybrid nature of this approach allows for the establishment of benchmark results in the solution of non-linear partial differential equation systems, including the coupled set of heat and fluid flow equations that govern the steady natural convection problem under consideration. Through performing the GITT, the resulting transformed ODE system is then numerically solved by making use of the subroutine DBVPFD from the IMSL Library. Therefore, numerical results under user prescribed accuracy are obtained for different values of Rayleigh numbers, and the convergence behavior of the proposed eigenfunction expansions is illustrated. Critical comparisons against solutions produced by ANSYS CFX 12.0 are then conducted, which demonstrate excellent agreement. Several sets of reference results for natural convection with volumetric heat generation in a bi-dimensional square cavity are also provided for future verification of numerical results obtained by other researchers.
INTRODUCTION
The investigations of natural convection flow and heat transfer processes, driven by buoyancy forces due to density differences caused by temperature variations in the fluid, have been motivated by their importance in many natural and industrial problems (Cheng, 2006 (Cheng, , 2010 Kairi and Murthy, 2011) . In all these investigations, considerable work has been done on the study of natural convection in volumetrically heated cavities due to applications in various technological areas such as nuclear reactor design (Baker et al., 1976a,b; Qiu et al., 2010) , geophysics (Runcorn, 1962; Mckenzie et al., 1974) and astrophysics (Bethe, 1968; Tritton, 1975) .
Many experimental, analytical and numerical approaches have been employed to investigate the characteristics of flow and heat transfer in enclosures with volumetric heat generation. Lee and Goldstein (1988) used a Mach-Zehnder interferometer to investigate experimentally the temperature distribution and the heat transfer rates within an inclined square enclosure containing fluid with internal energy sources bounded by four rigid planes of constant equal temperature. The experimental results of Lee and Goldstein (1988) were later employed to compare with the numerical solutions obtained by May (1991) . Based on a finite-difference procedure, Acharya and Goldstein (1985) and Rahman and Sharif (2003) separately studied natural convection in an inclined and vertical square enclosure containing internal energy sources and subjected to external heating, and analyzed the flow patterns for different Rayleigh numbers (both internal and external). To verify the steady-state experimental observations of Kawara et al. (1990) , Fusegi et al. (1992) solved numerically natural convection in a differentially heated rectangular cavity with internal heat generation by a control volume-based finite difference technique. Using a finite-volume technique, Di Piazza and Ciofalo (2000) performed direct numerical twodimensional simulations of low-Prandtl number free convection in a volumetrically heated rectangular enclosure with aspect ratio ( 4), AR = adiabatic top/ bottom walls and isothermal side walls. Different flow regimes (steady-state, periodic and chaotic) were obtained based on the values of the Grashof number. Extending previous work, and predicted the flow and temperature fields at different Grashof numbers in a square cavity ( 1), AR = and subsequently in a shallow cavity ( 0.25). AR = By expressing the governing equations in terms of streamfunction, vorticity and temperature formulation, Joshi et al. (2006) conducted a semi-analytical study of natural convection in cavities of different aspect ratios with uniform volumetric heat generation, considering two different boundary conditions, viz., all isothermal walls and only adiabatic horizontal walls. Daniels and Jones (1998) used matched asymptotic expansions method to analyze natural convection in a shallow rectangular cavity due to internal heat generation, where the nonlinear convective effects were studied. Moreover, Qiu et al. (2010) investigated numerically the local Nusselt number, the flow and temperature field at different conditions of twodimensional natural convection with non-uniform heat generation in a confined enclosure.
Recently, An and Su (2011) employed a hybrid numerical-analytical approach, known as GITT, to study the dynamic response of clamped axially moving beams, where excellent convergence behavior of the integral transform solution was shown by comparing the vibration displacement of different points along the beam length. Indeed, past studies have shown that GITT is a powerful and applicable method for solving diffusion and convection-diffusion problems in heat and fluid flow (Cotta, 1993; Cotta and Mikhailov, 1997; Cotta, 1998) . The most interesting feature of this technique is the automatic and straightforward global error control procedure, which makes it particularly suitable for benchmarking purposes, and the only mild increase in overall computational effort with increasing number of independent variables. Leal et al. (1999) examined the convergence characteristics of the GITT solution for the steady laminar natural convection of a Newtonian fluid inside rectangular enclosures differentially heated at the vertical walls and demonstrated the usefulness of this integral transform method by performing critical comparisons against previously reported benchmark solutions. As a continuation of their research, Leal et al. (2000) studied the behavior of fluid flow and heat transfer for transient laminar natural convection with variable physical properties inside cavities, and presented the advantages of utilizing the false transient technique for obtaining steady solutions with the GITT method.
The objective of this work is to extend the GITT method to study natural convection in a square cavity with uniform volumetric heat generation, which is one of the key issues concerned in nuclear safety. Since there is no approximation involved in the analytical derivation of the GITT approach, and the problem solution is represented by the sum of a rapidly-converging in finite series, the GITT solutions with the desired precision may serve as benchmarks for testing other numerical methods. Two different boundary conditions are analyzed for the cavity: (a) horizontal walls adiabatic and vertical walls isothermal, (b) all walls isothermal. In the next section, the mathematical formulation of the problem of natural convection in a volumetrically heated cavity is presented. Then, the hybrid numerical-analytical solution is obtained by carrying out integral transform, and numerical results with automatic global accuracy control are presented for different boundary conditions. A comparison against the simulation results of square cavities obtained by ANSYS CFX 12.0 is then performed to assess the accuracy and convergence of the present approach.
MATHEMATICAL FORMULATION
Consider a square cavity of side , H containing a fluid with uniform volumetric heat generation rate . q′′′ Two different boundary conditions are considered in the present study: (a) the horizontal walls are adiabatic and the vertical walls are isothermal, maintained at a constant temperature 0 , T and (b) all walls are isothermal, maintained at a contant temperature 0 , T as illustrated in Fig. 1 . The governing equations for two-dimensional steady-state natural convection, under the Boussinesq approximation, are written as:
where x and y are respectively the horizontal and vertical spatial coordinates, u and v the velocity components, p the pressure, T the temperature, g the gravitational acceleration, ρ the density, β the thermal expansion coefficient, p c the specific heat, and k the thermal conductivity of the fluid. The boundary conditions for the two problems considered are respectively given by:
For two-dimensional incompressible flow, the stream-function * ψ can be defined, which satisfies identically the continuity equation:
The governing Equations (2a), (2b), (3) can be combined into the stream-function only formulation as follows:
with the following boundary conditions:
Dimensionless variables can be introduced as follows:
where * x and * y identify the dimensional spatial variables, v the kinematic viscosity and α the thermal diffusivity. The dimensionless governing Equations (7), (8) 
respectively.
INTEGRAL TRANSFORM SOLUTION
The main procedures of the GITT-type integral transformation process are: (a) to choose auxiliary eigenvalue problems from homogeneous versions of the original problem; (b) to obtain eigenvalues and eigenfunctions which satisfy the orthogonality property; (c) to define the integral transform pair, including the transform formula and the inverse formula; (d) to transform the original problem with transform formula to obtain a set of ordinary differential equations with the calculable coefficients; (e) to solve the ordinary differential equation system by mathematical tools software or codes, such as Mathematica, IMSL Library, etc.; and (f) to obtain the original problem solutions using the inverse formula.
According to the principle of the generalized integral transform technique, the auxiliary eigenvalue problem needs to be chosen for the dimensionless governing Equations (14), (15) with the homogenous boundary conditions (16 or 17). The ' ' direction is selected to be eliminated through integral transformation, and the eigenvalue problem of the biharmonictype, previously studied in Leal et al. (1999) , is adopted for the streamfunction representation as follows:
with the following boundary conditions ( )
where ( ) i X x and μ i are, respectively, the eigenfunctions and eigenvalues of problem (18). The eigenfunctions satisfy the following orthogonality property 
The related eigenfunctions of problem (18) are given by:
where the eigenvalues are obtained from the transcendental equation:
/ 2 tan / 2 , for even,
and the normalization integral is evaluated as
Therefore, the normalized eigenfunction coincides, in this case, with the original eigenfunction itself, i.e.
1/2 ( ) ( )
.
For the temperature expansion, the classical second-order diffusion operator yields a SturmLiouville type problem, readily solved with the appropriate boundary conditions of the first kind at the lateral walls, to yield the eigenfunctions and related quantities:
where the eigenvalues are given by
and the norm evaluation yields 1 / 2, 1, 2,3,
The normalized eigenfunction m φ then becomes
The solution methodology proceeds towards the proposition of the integral transform pair for the potentials, the integral transformation itself and the inversion formula. For the streamfunction field: 
The integral transformation process is now employed through operation of (14) 
where the related coefficients are obtained analytically through symbolic computation packages, such as Mathematica (Wolfram, 2003) , and automatically generated in Fortran form through their definitions: 
where the associated coefficients, symbolically computed and automatically generated within the code, are obtained from
The resulting coupled infinite system of ordinary differential equations with boundary condition at two points for the transformed potentials is then described by Equations (31) and (33), together with the integral transformed boundary conditions:
respectively. For computational purposes, the expansions are truncated at sufficiently large orders, NV and NT , respectively. This truncated system is then solved by a computer program developed in Fortran 90, based on the use of the subroutine DBVPFD from the IMSL Library (IMSL, 2003) with automatic control of the local relative error ( 
10
− is selected for this problem). For this purpose, the system composed of (31) and (33) is first rewritten as a first order ODE system, i.e.
( )
where the solution vector, w , is defined as 
RESULTS AND DISCUSSION
We now present numerical results for natural convection in a cavity with volumetric heat generation. Two different boundary conditions are considered: i) adiabatic horizontal walls and isothermal vertical walls, ii) all walls isothermal. A Prandtl number of 0.7 is employed in this study. The solutions of the systems (31, 33) Fig. 2 . The flow field takes on a pattern possessing bilateral symmetry, where two counter-rotating convective rolls appear. The dimensionless temperature is maximum at the top of the vertical centerline and decreases near the vertical walls, which explains why the flows rise in the central region of the cavity, divide close to the top adiabatic wall, then move downward separately along the vertical walls. The convergence behavior of the GITT solution is examined by computing the dimensionless temperature θ and dimensionless vertical velocity V with different truncation orders NV and NT at the positions (0.5,0.0) , (0.5,0.5) For a full convergence to five significant digits, more terms (e.g., 40 = NV and 40) = NT are required. As would be expected, convergence rates of the vertical velocity areslower than those of the temperature, which is due to the fact that the velocity is proportional to the first derivative of the streamfunction (Eq. (6b)), while the temperature is defined by the original eigenfunction expansions (Eq. (30b) ). This behavior becomes more apparent as Ra increases, but a full convergence to four significant digits still can be obtained for most cases. The results are in excellent agreement with the ones calculated by ANSYS CFX 12.0, which verifies the accuracy of the GITT solution.
The highest dimensionless temperatures, the corresponding positions and the spatially averaged dimensionless temperatures for a cavity with adiabatic horizontal walls at several values of Ra are summarized in Table 2 . The GITT yields good agreement with the solution obtained by ANSYS CFX 12.0, with coincidence of four digits for θ max and three digits for θ av . The peak temperature increases and the average temperature decreases monotonically with Ra ; at 10000 = Ra , the value of θ av is nearly 1.7% lower than that at 1000 = Ra , which indicates that convection contributes more to heat transport as Ra increases. The variations of θ max and θ av with Ra are plotted in Fig. 3 on a linear-log scale, where the GITT solution curves are constructed by the corresponding values computed for every increment of 200 in Rayleigh numbers. for the case with adiabatic horizontal walls, which has been also captured by Joshi et al. (2006) . With an approximate up-down symmetry, the isotherm plot indicates that the maximum dimensionless temperature occurs nearly at the center of the cavity and the lowest temperature is located along the side walls.
An analysis similar to the above is performed on the convergence behavior of the dimensionless temperature θ and dimensionless vertical velocity V at the center point of a cavity with isothermal walls, as shown in Table 3 . In this case, the Rayleigh numbers are set equal to 1000, 2500, 4900, 7500 Figures 8 and 9 depict the variation of the dimensionless temperature θ and the profile of the dimensionless vertical velocity V along the horizontal centerline at 7500 = Ra for a cavity with isothermal walls, respectively. Figure 10 
CONCLUSIONS
The generalized integral transform technique (GITT) has been shown in this work to be an adequate approach for the analysis of natural convection in a square cavity containing internal energy sources, providing an accurate numerical-analytical solution for the temperature and velocity components. The numerical results reported are in excellent agreement with the solution obtained by ANSYS CFX 12.0, which supports the validity of the present computations. This approach can be either employed for benchmarking purposes, yielding sets of reference orders and exceptional computational performances. It is important to note that the methodology developed is applicable to any boundary conditions, and may also be applied to the analysis of natural convection in a rectangular cavity with different aspect ratios or an inclined cavity. 
